An anti-phase boundary is formed by shifting a portion of photonic crystal lattice along the direction of periodicity. A spinning magnetic dipole is applied to excite edge modes on the anti-phase boundary. We show the unidirectional propagation of the edge modes which is also known as spin-momentum locking. Band inversion of the edge modes is discovered when we sweep the geometrical parameters, which leads to a change in the propagation direction. Also, an optimized source is applied to excite the unidirectional edge mode with high directivity.
Introduction
The quantum spin-Hall effect indicates that the spin of the electron is locked to the direction of propagation [1] . The Z 2 index, or the spin Chern number which is a topological invariant of the given quantum system is defined to verify if the spin Hall conductance exists on the edge of the bulk material [2, 3] . After introducing the Z 2 topological index to analyze the system, a variety of unidirectional edge modes in quantum systems were discovered [4, 5, 6] . By analogy with the quantum spin-Hall effect of electrons, spin-momentum locking phenomena can also be found in photonic topological insulators [7, 8, 9, 10, 11] . The direction of propagation is still used to define 'momentum' of the light while the concept of 'spin' is not as clear as the spin of the electron. It may refer to the bonding (antibonding) states of electric and magnetic fields [7] , left-hand (right-hand) circular polarizations of electric fields [8] , and clockwise (anticlockwise) circulations of coupled resonator optical waveguides [11] .
Spin-momentum locked edge modes can also be discovered in trivial optical systems without topological properties, such as photonic crystal waveguides [12, 13, 14] , surface plasmon polaritons [15, 16] , and even dielectric waveguides [16] . A pair of orthogonal dipoles with ±π/2 phase differences which represent opposite spin directions are applied to excite the unidirectional edge modes in these systems. The spin of dipole sources couples to the spin of evanescent waves near the edges, giving rise to the spin-momentum locked edge modes.
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Spin-momentum locked modes on anti-phase boundaries in photonic crystals An anti-phase boundary is created by shifting the crystal by one-half period along the propagation direction. It can be observed in electronic systems and can be treated as a defect in the crystal that breaks the translation symmetry [17, 18] . Accurate atomic manipulation is required in order to design the anti-phase boundaries in electronic systems [19, 20] . It is easier to design the anti-phase boundary in photonic system, which may help us have a deeper understanding of how the energy is distributed near the anti-phase boundary.
In this paper, we create an anti-phase boundary in a photonic crystal structure by shifting the structure along the direction of periodicity. Unidirectional propagation of the edge modes is discovered. To the authors' best knowledge, spin-momentum locked edge modes have not been found on anti-phase boundaries in quantum or optical systems. It will not only make the existence of the propagating edge modes along anti-phase boundaries in quantum systems possible, but also provide a new way to design chiral waveguides in photonic crystal structures.
2 Spin-momentum locked modes
As shown in Fig. 1 , an anti-phase boundary is created by shifting the photonic crystal along the direction − → a 2 by −a 0 /2, which is one-half period. The geometry and material parameters are given in Fig. 1 . Here we only investigate the transverse magnetic (TM) modes of the electromagnetic waves, where only E z , H x , and H y are nonzero. According to Ref. [8] , tuning the distance between the center of the diamond and the center of cylinders R will change the topological properties of the crystal. When R < a 0 /3, the structure behaves as a topologically trivial material with Z 2 index equal to zero. Band folding occurs when R = a 0 /3 since the lattice vectors of the unit cell change into Fig. 2 . The size of the unit cell shrinks while the Brillouin zone expands. If the original Brillouin zone (R = a 0 /3) is chosen, the bands on expanded Brillouin zone (R = a 0 /3) must be folded to fit in the original one, which leads to the creation of a Dirac cone at the Γ point. Further increasing R opens the band gap at Γ point and turns the trivial crystal into a topological insulator with nonzero Z 2 index. Band inversion happens at the Γ point when R > a 0 /3 with dipole modes in the higher band and quadrupole modes in the lower band. Unidirectional edge modes can be found at the boundary between the topological insulator (R > a 0 /3) and trivial crystal (R < a 0 /3).
Here we place the topological insulator with R > a 0 /3 on both sides of the boundary as shown in Fig. 1b . However, the topological properties of the photonic crystal cannot explain the edge modes discovered on the anti-phase boundary since shifting will not change the band diagram and Z 2 index of the crystal. As shown in Fig. 3a , the odd edge modes (anti-symmetric distributions) and the even edge modes (symmetric distributions) are caused by the mirror symmetry of the super-cell. The field distributions of the edge modes calculated by COMSOL are given in Fig. 3b . The E z distributions at point P 1 and P 2 defined in Fig. 3a are the same while the Poynting vectors are in opposite directions. Here we define the counter clockwise rotation of the Poynting vectors on the left side of the anti-phase boundary as spin-up and the clockwise rotation as spin-down. By comparing P 1 and P 2 we know that the edge modes with the same frequency but opposite k vectors have different spin directions. Also, we show that the edge modes with the same k vector have opposite spin directions by comparing the fields at P 2 and P 3 .
In order to excite the edge modes, a circularly polarized magnetic dipole is chosen as the source in our driven mode simulation. By observing the Poynting vectors in Fig. 3c , we conclude that magnetic dipole (x − iŷ)/ √ 2 behaves like the spin-up source while (x + iŷ)/ √ 2 like the spin-down source. The frequency of excitation is chosen to be inside the band gap of the bulk modes, which only excite the odd edge modes as we can conclude from Fig. 3a . We apply the spin-up source to the shifted structure to excite the spin-up edge mode at P 1 . Since the group velocity at P 1 is positive, the wave will propagate along the direction − → a 2 . The simulation result shown on the left side of Fig. 3d matches this theoretical prediction. Similarly, a spin-down source will excite the edge mode propagates along − − → a 2 , which is also shown on the right side of Fig. 3d .
Tuning the parameter R to R < a 0 /3 will dramatically change the properties of the edge modes. According to Ref. [8] , the band diagram has been closed and reopened at the Γ point when tuning the R from R > a 0 /3 to R < a 0 /3. The even edge mode rises while the odd mode declines. As shown in Fig. 4a , the even mode is above the odd mode inside the band gap when R = 0.3a 0 , which is opposite to the result shown in Fig. 3a . If we apply the spin-up source (x − iŷ)/ √ 2 with normalized frequency inside the band gap, it will excite the spin-up edge mode at P 2 as shown in Fig. 4b . Since the group velocity at P 2 is negative, the wave will propagate along the − − → a 2 direction, which is verified by the left part of Fig. 4c . This indicates both topological and trivial photonic system can form anti-phase boundary and support spin-momentum locked edge modes on the boundary. The source of the same spin can excite wave with opposite propagation directions in these two photonic crystal systems.
Band inversion of edge modes when tuning the offset
By tuning the offset t which is defined in Fig. 1b , we can get a series of dispersion relations as shown in Fig. 5a and Fig. 5b . Since the mirror symmetry is broken for t = −0.5a 0 , we can't define the odd mode or even mode according to the mirror plane. For the trivial unit cell, varying from the anti-phase boundary with t = −0.5a 0 to the two dimensional photonic crystal with t = 0 will make the dispersion curve get closer to the projected bulk band diagram. The variation of dispersion curves for the structure consisting of topological unit cell is more complicated. As shown in Fig. 5a , the two dispersion curves converge at the Γ point and form a degenerate point at Γ when the offset t = −0.2085a 0 . If we continue changing t from −0.2085a 0 to 0, the gap between two edge modes reopens and increases until the two curves vanish into the bulk bands.
The band inversion occurs at the Γ point when the offset crosses over the degenerate case t = −0.2085a 0 . As shown in Fig. 5c , the E z distributions in the higher band of the case t = −0.2a 0 are the same as the lower band when t = −0.22a 0 . When k 2 is sufficiently far away from the Γ point, the field distributions look similar in the higher band or lower band for different offsets. We can conclude that only the edge modes that are close to Γ point will be inverted when −0.5a 0 < t < 0.2085a 0 , which is similar to the band inversion of the bulk modes in Ref. [8] .
Edge modes in gradual shift structure
We can also create an anti-phase boundary by gradually shifting the unit cells on the two sides of the boundary as shown in Fig. 6a . Here the unit cell with R = 0.345a 0 is studied. We can conclude from the dispersion relations shown in Fig. 5a that the edge modes which decay rapidly into the bulk can only be found when the offset between the adjacent unit cells is large enough. For the offset with |t| < 0.1a 0 , the dispersion curves are so close to the bulk band diagram that their energy is not well confined to the boundary. Hence the offset of t = 0.05a 0 is chosen between the adjacent unit cells on the two sides of the anti-phase boundary to prevent the appearance of redundant edge modes. The unit cells will look the same if they are far enough from the boundary, which is different from the radical shift structure where the offset difference always exists on the two sides. In this structure, there is no long-range offset between the two sides, only a local shift in the unit cells near the boundary. The dispersion relation and field distribution are shown in Fig. 6b and Fig. 6c respectively, which is similar to the radical shift case as shown in Fig. 3a and Fig. 3b . The unidirectional propagation of the edge modes can also be found when we excite with sources of different spin directions as shown in Fig. 6d .
Optimization of the source
By optimizing the combination of two orthogonal magnetic dipoles, we can achieve edge modes with better directionality. The magnetic dipole can be defined as:
where 0 < θ < π/2 and −π < φ < π. The spin-up ((x − iŷ)/ √ 2) and spin-down ((x + iŷ)/ √ 2) source mentioned above are the particular cases when θ and φ in Eq. 1 are set to π/4, π/2 and π/4, −π/2 respectively. According to Ref. [21] , we can also define the directionality of the edge mode by
where c + (c − ) is the line integration of the Poynting vector measured on the top(bottom) of the structure as shown in Fig. 4c . If |D| is close to 1, we can conclude that the system has good directionality while no directionality can be observed when D = 0. As shown in Fig. 7 , the signs of D at the locations of spin-up and spin-down source are opposite for R > a 0 /3 and R < a 0 /3, which verifies the conclusion that wave propagates in opposite directions for the same source when we tune the R of the system.
Conclusion
Spin-momentum locked edge modes are discovered on the anti-phase boundaries which are formed by shifting two halves of a photonic crystal along the direction of periodicity. By applying magnetic dipole sources with different spin directions, we can excite the edge modes propagating in opposite directions. The inversion of the edge modes is revealed when we adjust the distance between the center of the unit cell and the cylinders, which leads to opposite propagation directions with the same source. Also, tuning the offset of the unit cells on two sides can cause band inversion of the edge modes for the topologically non-trivial photonic crystal system. Optimization of the source gives the edge modes better directionality and helps us to further understand the system, making it more practical for the unidirectional wave propagation applications.
